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About the slowing down of accelerated clocks revisited 
Roberto Suarez-Antola 


Abstract 


The convergence of the integral that gives the proper time as a function of inertial time, when speed tends 
to the speed of light fast enough as inertial time tends to infinity, was studied by Suarez and Ferrari in 
1985.Here this problem is reconsidered, in the framework of special relativity. Nothing special (besides 
the rate of growth towards infinity) seems to characterize the behavior of the tangent component of the 
fields of 3-force along the path of the accelerated clock, in relation with the convergence or divergence of 
the integral that gives proper time as function of inertial time. However, seen from the viewpoint of the 
proper acceleration of the clock, a physically meaningful difference appears between the tangential proper 
acceleration histories that give a finite proper time for an infinite inertial time, and those tangential proper 
3-acceleration histories that give an infinite proper time for an infinite inertial time: either a singularity in 
proper 3-acceleration for a finite value of proper time in one case, or its absence in the other case. 


(A) Introduction 
Let us consider an inertial observer that follows the movement of an accelerated clock. 


Let us agree, as usual, that a clock is any physical device that can be considered as a 
particle, follows a time-like world-line and generates a sequence of events called ticks. 
An ideal clock is a clock such that the proper time elapsed between any two (non- 
necessarily consecutive) ticks is proportional to the number of ticks between the first 
tick and the last tick considered, with the same proportionality factor at each point of the 
clock’s world-line. 


This definition presupposes the definition of proper time elapsed between two events 
along a time-like trajectory in Minkowski space-time, as the length of the segment of 
world-line between these two events, determined from the metric tensor in that space- 
time (Gourgoulhon, 2013). 


So, an ideal clock is a clock that measures proper time. If a world-line of events in 
Minkowski space is described relative to an inertial system, then the proper time along 
this world-line can be calculated by means of a formula relating proper time to inertial 
time. 


According to the clock hypothesis if an ideal clock moves non-uniformly through an 
inertial frame, acceleration as such has no effect on the rate of the clock: its 
instantaneous rate depends only on its instantaneous speed. The instantaneous rate of 
the accelerated clock is assumed to be identical to the rate of a clock fixed to a 
momentarily commoving inertial frame (Moller, 1952; Rindler, 1982; Brown, 2005). 


In special relativity, if we accept the clock hypothesis, proper time is given as a function 
of inertial time, for all accelerated observers, by the known formula: 


r(t) = (to) + fi {1-7 © ae’ (1) 
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Here, as usual, c is the speed of light in vacuum and fg is an initial value of inertial 
time. Now, as the rest mass of a clock is assumed non zero, its speed history v(t) is 
constrained by the strict inequality v(t) < c for every instant of inertial time. 


An interesting possibility was conceived by José Ferrari in 1984: the convergence of the 
integral that gives the proper time as a function of inertial time, when v(t) tends to c 
fast enough as t tends to infinity. 


p2 


© 
— dt 


To explore possible physical consequences of the convergence of f ot 1 


y2 


let us define: Ts = limys4 T(t) = T(tp) + (ies 1— 2 dt (2) 


Cc 
Then it wouldn’t be possible to assign a value of inertial time t to a proper time 
TOTs;. 


To analyze the implications of this impossibility derived from the convergence of the 
integral that gives proper time as a function of inertial time, let us remember that the 
theory of special relativity stresses certain facts on which every observer in the universe 
(inertial or non-inertial) should agree, allowing for the unity of space-time. Events like 
explosions and implosions, births and deaths. Events that that take place in the 
neighborhood of a given clock and their temporal order. Conservation laws 
(momentum, energy). (Taylor and Wheeler, 1992) 


A necessary condition to attain the abovementioned agreement about events is the 
possibility to establish a one to one correspondence between each instant of time t 
assigned to the moving clock in the inertial frame S and an instant of proper time T 
corresponding to the same event, measured with the moving clock. 


v2(t) 
c2 


From (1) it follows: “r(t) = /1- >0 The correspondence between inertial 


time and proper time given by equation (1) is strictly increasing and there is a one-to- 
one correspondence between inertial times and the proper times of the accelerated 
clock. 


Up to this point, all seems right. But now, let us admit (as is done in almost all branches 
of physics, except physical cosmology and perhaps, astrophysics) that time is 
unbounded. 


a 2 
Then, if the integral f a Lo “2 dt happens to be convergent and proper time is 


not bounded, part of the evolution of the accelerated observer should occur out of the 
universe of an inertial observer. 


Then births and deaths, explosions and implosions that could be part of the experience 
of the accelerated observer after T, couldn’t be part of the experience of the inertial 
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observer. So, it seems that we could have a problem here, very different indeed to the 


» 1 


“twin paradox”. 


This problem motivated a preliminary discussion in a letter to IL Nuovo Cimento 
published by Suarez and Ferrari in 1985. Two alternative points of view were 
contemplated in the above mentioned letter to solve the problem: either the clock 
hypothesis is only an approximation valid under certain restrictions, or if it is always 
applicable, then we can only find in nature fields of force relative to the inertial observer 


ua dt is always divergent (Suarez and Ferrari, 1985). 
Cc 


such that (es 1— 


The purposes of the present work are: 


(a) To study more in depth, relative to an inertial observer, the relationship between the 
relativistic force acting on the accelerating clock and the behavior of the integral that 
gives the proper time of the clock as function of inertial time. This will be done in next 
section B. 


(b) To relate the convergence or divergence of the proper time integral with the 
behavior of the proper acceleration of the clock. This problem will be studied in section 
Cy 


(c) To study three examples of speed histories applying the results obtained in sections 
B and C. This will be done in section D. 


(d) To discuss the meaning of the obtained results in a wider framework. The discussion 
and some conclusions will be presented in section E. 


The analysis of the movement of the accelerated clock will be done in the framework of 
special relativity. > The accelerating clock can be dealt with in an inertial system: 


' Consider two ideal clocks. A first clock, fixed to an inertial system. The inertial time, given by this 
clock is represented by t . A second clock, that until the instant t; is at rest next to the first clock and 
synchronized with it. From the instant t; onwards the second clock departs from the first and travels 
following a trajectory with velocity v(t) with respect to the inertial system. At a later time ty the second 
clock finds the first one again, and stops next to it. Being a closed trajectory, the possible histories of 
velocity verify the restriction: f ks v(t) dt = 0 But they are, otherwise, arbitrary. The elapsed inertial 


time, measured by the fixed clock is: t, — t; The elapsed time measured by the accelerated clock (being 
v(t) the speed history that corresponds to the velocity history (t)), according to the clock hypothesis is: 


tj 
inertial clock. This is the twin paradox if proper time is assumed to be also the most convenient time to 


2 
f f /1 = a dt This time interval is always less than the time interval (t; = ti) measured by the 


y2 


. dt is another thing, 


measure of biological processes. The possible convergence of i 1- 3 


although of course it presupposes time dilation of accelerated clocks. 


* The boundary between special and generalized relativity is usually established based on the curvature of 
space-time, not in a distinction between un-accelerated and accelerated observers (Hobson et al, 2006; 
Rindler, 2006; Gourgoulhon, 2013). 


Research draft: About the slowing down of accelerated clocks revisited March 2018 


accelerating frames of reference are not needed in this case, although they can be used 
in special relativity. . 


(B) The clock hypothesis and the behavior of fields of force relative to the 
inertial observer 


Let us describe the movement of an accelerated clock (considered as a massive particle 
of rest mass mg ) relative to an inertial frame S by its position vector r(t) , a regular 
function of the inertial time for t = ty . The path followed by the clock is represented 
by I. The arc of path between an initial point Py of coordinates (to,7(to) ) and a 
variable final point P of coordinates (t, 7(t)) is represented by Ip, p. 


d7r(t) 


d? 
Because a = v(t) and its norm |= aG | 


is the speed v(t) of the clock, the length 


ltecp of this arc is given by: 


ate) dt' = ff v(t’) ae! (3) 


t 
I) =I = J, 


From (3) it follows that ae = v(t) . Assuming that v(t) > 0 for t >to the 


derivative of arc length with on to inertial time is always positive, so I(t) is a 
strictly increasing function of inertial time. Furthermore, we suppose that 
limt4c l(t) = +00 Then inverse function t(l) exists for every | > ly 


As consequence, to each value of the inertial time t = tp it corresponds one value of arc 
length 1 > Ig , and vice versa’. 


Let us introduce the unit tangent vector at each point of the path: 


p(t) = tp(e@)) = AE (4) 


Then the clock velocity ¥ and linear momentum 7 are given by: 


B(t) = v(t) er(t) (5) B(t) = p(t) tr(o) (6) 
If mg is the rest mass of the clock and y, = ie is its gamma factor, 
p(t) = Mp vy v(t) (7) 


? In special relativity, unlike what happens in generalized relativity, a distinction is made between inertial 
and non-inertial reference systems. However, in the restricted theory, physical equations in accelerating 
reference frames are described in flat Minkowski space-time introducing a metric tensor, using formal 
tools quite similar to that used in generalized relativity (Hobson et al, 2006; Rindler, 2006; Gourgoulhon, 
2013). In an inertial frame the description of the clock movement is much simpler. 


* The path of the clock can cross the same points of 3-D Euclidian space more than once. For example, 
this happens during a circular motion. 
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From equation (6) it follows that the relativistic extension of Newton’s second law can 


be written, introducing a relativistic 3-force f : 


297.0490 22-70 (8) 


In what follows we suppose that the relativistic 3-force is a smooth function, either of 
the inertial time or the position on the path I followed by the accelerated clock 
relative to the inertial frame S . 


Let us represent by « the scalar product in 3-D Euclidian space. Because \|ér(e) || =1 


for every time instant, f(t) ae =0 _ From this last equality and from (8) we 


= dp Bo 
obtain: nd (9) 
From (9) it follows: p(t) = p(to) + ie f(t’) -t-(t’) dt’ (10) 
2 
But 1 — S = —-- so from this last equality and from (10), we derive: 
mo* c 
+00 2c +00 1 
fe? fi-=2 ae = f° >. at (11) 
| (P(C0)+ Sig F(t!) “Er(t’)-at") 
ee 


If the relativistic 3-force is given as a function of position it is possible to make a 
change of integration variable in the integral that gives the proper time (taken on the 
path I of the accelerated clock), from inertial time to arc length. 
p 
Taking into account the equalities vy = —“2— and |1- oie 
p2 2 
mMo2 c2 


+00 _ v(t) _ to _ v(t) 1 — +0 1 
Vis [1 a2 dt =f, ist w(t) dl =™m™p ip me) dl (12) 


On the 3-D path of the accelerated clock, there is a one to one correspondence between 


1+ 


F(t) and I(t) , so the relativistic 3-force can be written as a function f (1) of the arc 
p 


mo nocd d : : 
length 1. From v = wo and the equality ~ =v = equation (9) can be re-written 
p2 
te 


and integrated between l[y and / .Then the following equalities are obtained: 


mod qj = i fl) tal (13 a) 
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p_dp 

oy ae | PO _ fy 4 Plo 

a dl'=mc ( age 1420) (13 b) 
14+—a 


+00 v2(t) a es ; 
—< een WW @_ gan ena | (14) 
mo* Cc 


mo c4 


In our previous work about the slowing down of accelerated clocks, the convergence of 
the integral that gives the proper time as a function of inertial time was studied 
assuming that the clock moved parallel to the x-axis of the inertial system. Formulae 
(11) and (14) allow us to generalize the analysis to 3-D. 


If Se, FEVERS dt'| in equation (11) or IS f(U’) + é-(U’) dl’| in equation (14) are 
: +00 v2(t) ; 
bounded, the integral { ts se ar dt diverges and we have no problem. 


A necessary condition for the convergence of the proper time integral is to have 


unbounded either 


J; te i (t') -t-(t') d t'| as a function of the inertial time in equation 
(11) or Si fl’) tr’) dl'| as a function of the arc length of the clock’s path in 


v2(t) 
C2 


dt 


equation (14), when t ~ +00 or 1 > +00 respectively. In this case (he 1-— 


converges (diverges) if and only if either (hs : or 


0 |f,, Fe): é(e) ae’| 
+00 dl : 5 
WL > COnverges diverges). 
I, fof) tr) au"| ee) 


To simplify the analysis, from now on we assume that both f (t) - ¢-(t) and f (L)-t- 
are always positive. 


Let us suppose first that the function of inertial time giving the tangential component of 


the relativistic 3-force along the path of the accelerated clock verifies f (t)-t-(t) = 
Int , asymptotically when t > +00 


> When the relativistic 3-force derives from a potential field f (7) = —VU(F) and f (lL) -t-() = - so 


ib f(’)-é-(U) dl’ = U(ly) — UCD and the convergence or divergence of the proper time integral 


7 +o dl 
reduces to the convergence or divergence of J Ol 
0 
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CECE «ECE db Es ee eee 
Then, asymptotically j,, FE) tr(t’) dt’ =t-Int and id Fe) hear dt 


+oo dt : ere: 
behaves as f,  —— which is divergent. 
i) 


v(t) 
c2 


So f. 1— dt diverges, and the proper time of the accelerated clock tends to 


infinity with the inertial time. 


Let us suppose now that, asymptotically ( t ~ +00 ), f (t)-t-(t) = t% with q>0. 


+00 1 +o at 
Then is ie eae behaves as i. fat 


which is convergent. As 


2 
’ 2 dt converges and the proper time of the accelerated clock 


+00 
consequence f/ 1 —— 
i) 


tends to a finite value meanwhile the inertial time tends to infinity. 


Similarly, if asymptotically (for | > +00 ) f (1) -tp(J) = In1, then the proper time of 
the accelerated clock tends to infinity with the inertial time. But if asymptotically (for 
l— +00 ) f (1) -t-(l) = 14 (q > 0) the proper time of the accelerated clock tends to 
a finite value meanwhile the inertial time tends to infinity. 


In all these cases the tangential component of the 3-force along the path is a growing 
function of inertial time or path length. When this component grows as the logarithm of 
inertial time or path length, as time or path length tends to infinity, the integral that 
gives the proper time of the accelerated clock diverges. When the tangential component 
grows as a positive power of inertial time or path length, the integral that gives the 
proper time converges®. 


So nothing special (besides the rate of growth towards infinity) seems to characterize 
the behavior of the tangent component of fields of 3-force along the path of the 
accelerated clock, in relation with the convergence or divergence of the integral that 
gives proper time as function of inertial time. Now let us change our point of view to 
see if we can identify a physically meaningful difference. 


° If the relativistic force field derives from a potential field, such that |U(J)| grows when | > +00 along 


the path of the accelerated clock at least as 1? with p> 41, then the improper integral ie ToT 


v(t) 
c2 


ee +00 ‘ : 
converges, and as consequence the proper time integral f 2 1- dt is convergent. However, if 
0 


asymptotically when | > +00 along the path of the accelerated clock, |U(J)| = |! Inl| with p<1 , 


dl v2 
jul 
infinity along the path of the accelerated clock, but with different speeds. Of course, these remarks can’t 


be applied to a bounded motion like an accelerated circular motion relative to the inertial frame. In this 


t ar : F 
c ) at is divergent. In both cases the potential tends to minus 


then ine diverges and ea 1- 


Cc 


last case U(L) will be a periodic function of path length. 
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(C) The clock hypothesis and the behavior of proper acceleration 


As there is a smooth one to one correspondence between inertial time t and proper 
time T , let us make a change of time variable in equation (9) putting all the dependent 
variables defined with respect to the inertial frame S as functions of the proper time of 


dp __dpd 2 5 
the accelerated clock. Then: pratt. f -tr 
dt dt dt 
: eee : dp d d 
By a straightforward calculation it is possible to show that a is v(T) 


dt dt 4-=2) dt 
c2 
So the relativistic extension of newton’s second law can be written thus: 


da _ f(t): tp(x) 


Integrating this last equation we obtain the following speed formula: 


v(t) =c tanh (vr(z) + tanh? a) (16) 


1 
Mo C 


In equation (16), by definition: Yr(t) = I f(t) -tr(t’) dt’ (17) 
Now we consider the family {S°(t)} of momentarily commoving inertial frames. The 
frame S°(t) moves with the same velocity as the accelerated clock (at instant t of 
inertial time relative to S ), so the clock is momentarily at rest in this frame. But it is 
accelerated relative to $°(t) and its acceleration could be measured by an accelerometer 
fixed to the clock, giving the proper acceleration @° of the clock (Hobson et al, 2006; 
Rindler, 2006; Gourgoulhon, 2013). 


Between the relativistic 3-force f acting on the clock, seen from S , and the relativistic 

3-force f ° (proper 3-force) acting on the clock, seen from S°(t) there is the relation 
> > 70.3 

(Moller, 1952): f= > fot (1 = ~) Ge) (18) 


p2 


But 0 =vtp (formula 5 above) so taking the scalar product of both members of the 
equality (18) with tp we obtain the remarkable relation between the tangent vector to 
the path, the 3-force and the 3-proper force: 


f(t): tp) = f°): tp) (19) 


The 3-proper force is related with the proper 3-acceleration by f ° =m, @° (Moller, 
1952) so from this last equation and from (19) it follows: 


wrt) = = ff G(r’) - Epa’) de’ (20) 


From the equation that relates 3-forces with 3-accelerations (Moller, 1952) we obtain: 
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ftp =mo(n?  (@-#) +% (4-4) 


Cc 


, the last equation reduces to: ri “tp = Me Yn? (a : tr) (21) 


We suppose that the tangential component 4°(t)-t;(t) of the proper 3-acceleration 
is always positive. As consequence wr(t) is a strictly increasing function of T. 


Using (20), let us obtain a formula for the inertial time as a function of the proper time 
involving the proper acceleration. To simplify the formulae we take v(t.) = 0 


dt 1 1 

We begin by the equation. = —=y, = —— = ————-.= cosh y(t) 
ee Ole meron ey 

Integrating this equation: t(t) = t(t>)) + (i cosh wr(t’) dt’ (22) 


Here w(t) is given, in terms of the proper acceleration of the clock, by formula (20). 


2(t : : : 
= ) at is equivalent to the existence of a 


The convergence of the integral f[ e LS 


value Tt, of the proper time such that fe coshyr(t’) dt’ = +00 So we have now 
0 


an improper integral with a finite interval of integration and a singularity of the 


integrand when tT =T,. The integrand verifies: coshwr(t) = =(evr@ + e Yr) 


As yr(t) is a positive and increasing function along the path of the clock, the 


divergence of ie coshywr(t') dt’ reduces to the divergence of i evr(t’) dr’ 


The integrand e¥'™ has a singularity when t=T, if Wr(z) presents a singularity 
there: limy1z, Wr(t) = +0 This behavior is possible if and only if a(t) * tp(t) 
tends to infinity when the proper time tends to tT, from below: the tangential component 
of the proper 3-acceleration considered as function of proper time must have a 


p2 


singularity if f — a se dt is to converge. 


Cc 


If there is not such singularity for a finite proper time (because, either the increasing 
function wr(t) is always bounded or tends to +00 when t—-+00 ) then 


in coshyr(t’) dt’ tends to infinity only if t tends to infinite and then 


ae 2 
f is 1- ae dt must diverge. 


Only as an example of possible singularities when tT = T, , let us introduce a bounded 
positive smooth function A(t) in the closed interval [t9,t,] with a positive lower 
bound, as well as a positive number p such that: 
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pr) — AG) . 
evr G—2P (23) 
From the standpoint of the convergence or divergence of improper integrals, being 


A(t) bounded, e¥™™ — behaves as mor asymptotically when t T tT, . Then the 


ee integral fe *s evr(t') dr’ is divergent if and only if the improper integral 


Ne Gna? dt’ is divergent. And this happens only if and only if p=>1. 
From (20) and (23) we obtain: 
W(t) == fy GC) tre!) de’ = In A(x) ~p Int; ~ 1) (24) 


Then: 


a(t): Er(t) _ = 
Cc Sorte i we A(t )+ Ts-T 


(25) 


Having, by hypothesis, A(t) has a positive lower bound in [Tg,T,] and being ~ A(t) 


also bounded there - A(t) is smooth in [Ty,T;] , < A(t) must be continuous in this 


closed interval), a ~ A(t) must remain bounded in [tg,T;] . As consequence, in 
this example the tangential proper 3-acceleration 4@°(t)- f(t) behaves as -_ = 
= 


asymptotically when TTT, . 
So, seen from the viewpoint of the proper acceleration of the clock, a physically 


meaningful difference appears between the proper tangential 3-acceleration (and 


proper relativistic tangential 3-force histories, because f °=m,:@° ) that give a finite 
proper time for an infinite inertial time, and those proper tangential 3-acceleration 
histories (and their proper relativistic tangential 3-force histories) that give an infinite 
proper time for an infinite inertial time: either a singularity in proper 3-acceleration (and 
proper 3-force) for a finite value of proper time, or its absence. 


(D) Three speed histories on the path of an accelerated clock 


(D.1) Consider first the speed history: 


v(t) =cJ1-k a (t > 0) (26) 


Both tT, and k, are positive, being k, < 1 in order to have = (0) finite. Here ty = 0 


and T(ty) = 0 In this case the following function gives proper time as a function of 
inertial time: 


=f, 


dpe (1 " es") (t > 0) (27) 


10 
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The inverse function is: t(t) =—- In n(4 — =) (0<T<T,) (28) 


From (26) and (28) we derive the speed relative to the inertial frame as a function of 
proper time: 


ae 
v(t) =c [1—k2 (1-=) (0<t<t,) (29) 
Substituting (29) in (15) and taking into account (19) it follows: 


DG tg) a oO es od (0<t<t,) (30) 
Mo 


( 1-k2 (1-2) Gant) 


The tangential component of the proper 3-acceleration has a pole of the first order for 


T = Ts, because " is a smooth function of the proper time. 


1-k2 (1-Z) 


In inertial time, from equations (9) and (26) we obtain for the tangential component of 


2ks 
2 > Ts t 
the relativistic 3-force: A ees (t = 0) (31) 
Mo Ts 2Ks t 
ets —k? 
ex 3 Ks 
Asymptotically, for t > +00: roa = ~ ers © (32) 
0 s 


(D.2) Consider a second speed history on the path of the accelerated clock: 


v(t) = |1- (t=0 ) (p>1) (33) 


In this case {1 — mt = ~ ii Proper time as function of inertial time is given by: 
1+— 
to 
iF 2ct! 1 t 1 
Oa, 1-72 dt =~ (34) 
(14+.) 
Now: lini togtn(h) = e= = (p>1) (35) 
The inverse function is: t(t) = (p — 1) T, — —1 (O<TtT<T,) (36) 
1-2)P-t 


From (33) and (36): v(t) =c /1— (1 a =) 7  O<t<t,) (p>1) (37) 
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Substituting (37) in (15) and taking into account (19) it follows: 


p 
20(7).? _ f°) tr@) _ : Gay 1 
EO) =— = 7 Go (0<t<t,) (35) 
1-(1-7)P" 


Again, also in this case the tangential component of the proper 3-acceleration has a pole 


. soles t 5 : 
of the first order for t = T, . The factor that multiplies 5 isa smooth function that 


(t.-T 
tends to c (=) when TT T,. 


In inertial time, from equations (9) and (33) we obtain for the tangential component of 


t\2p-1 
a(t) «2 p(ite 
the relativistic 3-force: roe = AG a (t>0) (p>1) (36) 
: (sty P—1 
. F(t) tre) ae 
Asymptotically, for t > +00: a (=) (37) 
0 0 


(D.3) Consider the following third speed history on the path I’ of the clock: 


at 


vt) = 


— (t = 0) (38) 


1+ ce 


In (38) the parameter q@ is a constant proper acceleration tangential to the path. A non 
inertial observer moving with a uniform proper acceleration in a straight line is usually 
known as a Rindler observer (Hobson et al, 2006; Gourgoulhon, 2013). 


Then: r(t)=f. f1-7© ae’ =f in (! ane #*) (t > 0) (39) 


From (39) if follows, asymptotically for t > +00: T(t) = < In (=) (40) 


So lim;.4.. T(t) = +00 An infinite proper time corresponds to an infinite inertial time 
for this speed history, unlike what happened in the two previous speed stories. 


The inverse function is (Hobson et al, 2006): t(t) = < sinh (=) (tT=0) (41) 


The speed relative to the inertial frame, but as a function of proper time is given by the 
known formula: v(t) =c tanh () (t = 0) (42) 


The tangential acceleration verifies: @°(t)-tp(t) =a@ The tangential component of 


the 3-force relative to the inertial system is constant: i (t)-t-(t) =m) a 


12 
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(E) Discussion and conclusions 


All the previous analysis about the relationship between proper time and inertial time is 
based on the validity of the clock hypothesis and the concept of ideal clock: the rate of 
an accelerated ideal clock is equal to the rate of a commoving non-accelerated clock, 
regardless of the history of clock speed with respect to a reference inertial system. Thus, 
no limitations are introduced on the permissible proper accelerations’. 


In absence of gravitational effects, and in the framework of special relativity, a clock 
fixed to an inertial system is isolated from external actions and if properly constructed 
could be considered as an ideal clock. After accelerating, one would expect it to behave 
as much closer to an ideal clock the smaller the ratio between the magnitude of external 
forces associated with acceleration and the magnitude of the internal cohesion forces 
associated with the integrity of the material structure of clock. An ideal clock would be 
one totally unaffected by accelerations. 


The clock hypothesis was confirmed for lifetimes of positive and negative muons stored 
in a circular orbit with transversal accelerations, and for lifetimes of Sigma baryons with 
longitudinal accelerations (Bailey et al, 1977; Bailey et al, 1979; Roos et al, 1980). The 
observed agreement between the lifetimes of the accelerated particles with that of the 
same kind of particles, with the same energy, moving inertially, confirms the clock 
hypothesis for accelerations of almost 10'° m/s” in the first case and almost 10'° m/s? in 
the second case. 


Now, let us discuss some consequences of the results obtained in this work, admitting 
the clock hypothesis. 


p2 


Me dt the path [ of the 


In the study of the convergence of the integral f{. ve rs ? 


accelerated clock was considered as known. 
The results were obtained in terms of the tangential components of the fields and 


accelerations relative to the path. Equation (3) relating the length of the path with the 
speed history can be rewritten, taking tj = 0 and 1(0) >0: 


U(t)=1(0) +f v(t’) dt’ = (t > 0) (43) 


; However, some recent work, either of reinterpretation of known experiments (Friedman, 2010; Potzel, 
2014) or theoretical developments (Schuller, 2002; Papini, 2003), suggests the possible existence of 
maximum accelerations. If this is correct, in the framework of special relativity the clock hypothesis 
would be only an approximation to a more general relation. 
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If limps4co v(t) = C we a lime 400 f, v(t’) dt’ =c_ so limps4oo a =c and 


asymptotically for t > +00 : ° l(t) =ct (44) 


Besides, the function I(t)—ct=6(t) must be positive and monotonously 
decreasing towards 0. ° So the function lasymp = Ct is the asymptote to I(t) for 
t — +00 and is always less than l(t) . This behavior of the 3-D arc length as function 
of inertial time leads us to the event horizons in the theory of special relativity (Hobson 
el al, 2006; Rindler, 2006; Gourgoulhon, 2013). 


These event horizons appear for accelerated observers in the framework of Minkowski 
space-time. As this space-time is not modified by matter, the characteristics of the event 
horizons in special relativity depend on the particular kinetic behavior of the accelerated 
observer. To study in depth the consequences of this behavior the path I and the 
velocity history v(t) must be considered in detail relative to an inertial system S a 


Moreover, we have seen that the integral that gives the proper time as a function of the 
inertial time could converge for suitable speed histories of the accelerated clock on its 
path. Then, while the inertial time tends to infinity, upper bounds t, for proper time 
could appear, such that for the inertial observer the accelerated clock would take infinite 
time to approach to the “proper age” tT, . Admitting that the proper time is not 
bounded, when t > T, the evolution of the accelerated clock is beyond the possibilities 
of description accessible to the inertial observer: his time has run out. 


Births and deaths, explosions and implosions occurring next to the accelerated clock for 
proper times greater than t, wouldn’t be facts on which every observer in the universe 
(inertial or non-inertial) could agree: the unity of space-time will have been broken. 


* Integrating by parts: if v(t’) dt’ =t v(t) - f t’ v(t!) dt! The speed acceleration, for any 
increasing speed history (necessarily bounded by ie speed of light in vacuum), verifies: 


; d ; 1 ct : : oe. v(t") at! 
limy 44005, V() = 0 So: limy400 ap v(t") dt’ = limy 540 v(t) — limy 4400. —“——__ For 
a 
RSE 
t 


re(1-2) 


every € > 0 there is an instant of inertial time T(€) such that for every t > T(e) , 
T 
=f, t! arr ) dt’ 


; ; fy t! v(t") ae! 
<e Being € arbitrary, it follows: lim;_4. oe ee 


As consequence, for t > T(é) | aM t ‘v(t 


tira 
So t's ,rv(e") at’ 
t 


limp 400 


2 
° Wehave: 6(0) =1(0)>0 ~5(t) = v(t)—c <0 and 6(t) = “v(t) <0 (t>0). But 
we know that lim,,,..6(t) =0 If d(t,) =0 for some t, >0 the second derivative of S(t) must 


change its sign from negative to positive if S(t) ends up tending to zero which in this case is not 
possible. 


'° However, let us suppose that the space points corresponding to T are part of a straight line £ that 
contains the origin of the 3-D space (relative to S ). The arc length of this line can be chosen such that the 
origin is given by 1=0. If a light pulse is emitted when t = 0 in the direction of £ towards the 
accelerated clock, it will never reach the clock and an observer moving with the clock will remain 
unaware of the emission event. 
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This behavior reminds us what people think that happens during the fall of a massive 
particle towards the event horizon of a black hole. But the event horizon of a black hole 
is a structure intrinsic to space-time in the framework of general relativity. Here we 
have, as already said before, a structure depending on the particular kinetic behavior of 
the accelerated observer. 


To conclude: 


(1) Nothing special seems to characterize the behavior of the tangent component of 
fields of 3-force, along the path of the accelerated clock and relative to an 
inertial frame, in relation with the convergence or divergence of the integral that 
gives proper time as function of inertial time. The borderline tangential force 
histories that give either convergence or divergence, grow in both cases, the only 
difference appears in the rate of growth. 


(2) However, seen from the viewpoint of the proper acceleration of the clock, a 
physically meaningful difference appears between: (a) the tangential proper 
acceleration histories (and tangential proper relativistic 3-force histories) that 
give a finite proper time for an infinite inertial time, and (b) those tangential 
proper 3-acceleration histories (and their proper tangential relativistic 3-force 
histories) that give an infinite proper time for an infinite inertial time. Either a 
singularity in proper 3-acceleration (and in proper 3-force) for a finite value of 
proper time in one case, or its absence in the other case. 


(3) If we admit that proper accelerations can’t have any singularity on the path of 
the accelerated clock, the case of finite proper time for an infinite inertial time 
can be excluded, and the problem that motivates this work is overcome. 
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